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In this paper I consider the Nottingham group over a ﬁnite ﬁeld of characteris-
tic 2. I obtain a number of results previously known only for Nottingham groups
in odd characteristic. For example, I obtain information on the derived series and
I prove that the Nottingham group is hereditarily just-inﬁnite as a pro-2 group. As
a consequence, the Nottingham group over any ﬁnite ﬁeld of characteristic 2 is not
analytic over any pro-2 ring.  2001 Elsevier Science
The Nottingham group has received much attention in the last 10 years;
see [C] for a recent survey. One reason for its importance is that it has
served as a test case in the theory of pro-p groups and also in the theory
of ﬁnite p-groups (see for example [P, S]).
A particular feature of many proofs concerning the Nottingham group is
that they rely on computations with commutators. Therefore investigations
have favoured the case where the characteristic is odd, due to the more
transparent commutator structure. In characteristic two the lower central
series and the derived series drop faster and less uniformly than in odd
characteristic. In this paper I show how a careful approach can help in the
computations in characteristic two.
Related to the difﬁculties in characteristic two is the existence of certain
“index subgroups,” a concept introduced by Barnea and Klopsch [BK].
1 I thank the Master and Fellows of Peterhouse and the Friends of Peterhouse for their
support. I also received ﬁnancial assistance from the Cambridge Overseas Trust and from the
Hungarian Soros Foundation.
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It should be stressed that (apart from a short general introduction) the
arguments and the formulae used are very speciﬁc to the characteristic
being two.2
Wherever possible, I follow the notation of [C].
THE NOTTINGHAM GROUP; DEFINITIONS AND
BASIC OBSERVATIONS
Let F be a ﬁnite ﬁeld of characteristic p, so F = pd for some d ∈
. Let λ1     λd be a linear basis of F over p. In this paper J =
JF denotes the Nottingham group over F . It consists of the normalised
F-algebra automorphisms of the local ﬁeld Ft of formal Laurent series
over F . (An automorphism g is said to be normalised if g maps t to a
formal power series of the form t1+∑i≥1 αiti ∈ Ft with αi ∈ F .) The
elements of J act on Ft from the right. Note that the valuation ring
F		t

 is invariant under the action of J.
Let g be an element of J which maps t to t1 +∑i≥1 αiti. Deﬁne the
ith coefﬁcient of g to be Eig = αi. Then deﬁne the skeleton of g to be
Sg = i ≥ 1  Eig = 0. (Thus S1 = .)
Let k ∈ , α ∈ F . Deﬁne ek	α
 ∈ J by tek	α
 = t1+ αtk.
Let g h ∈ J and their action on t is given by tg = t1+∑i≥1 αiti, th =
t1+∑j≥1 βjtj. Then it follows that
tgh = t
(
1+∑
j≥1
βjt
j +∑
i≥1
αit
i + ∑
i≥1
k≥1
αi
(
i+ 1
k
)
×
( ∑
j1jk≥1
βj1 · · ·βjkti+j1+···+jk
))
(1)
Note that the inner bracket contains summands which can be grouped
together. For example, for k = 2 the sum is
∑
j1 j2
βj1βj2 t
i+j1+j2 =∑
j
β2j t
i+2j + ∑
j1<j2
2βj1βj2 t
i+j1+j2 
A similar collection process can be used for any value of k. Suppose that in
a summand there are r different indices, j1 < · · · < jr with multiplicities
2As this paper is submitted, some of the methods are being extended to certain subgroups
of the Nottingham group in odd characteristic.[BK]
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k1     kr ; then this can be grouped with similar summands:
∑
j1jk
k∏
l=1
βjl t
i+∑l jl = ∑
r≥1
k1+···+kr=k
j1<···<jr
∑
j1jk
#uju=jf =kf
f=1r
k∏
l=1
βjl t
i+∑l jl
= ∑
r≥1
k1+···+kr=k
j1<···<jr
k!
k1! · · ·kr!
r∏
l=1
β
kl
jl t
i+∑l kljl 
With the help of this grouping, the original formula can be rewritten
tgh = t
(
1+∑
j≥1
βjt
j +∑
i≥1
αit
i +∑
i≥1
r≥1
∑
k1kr
j1<···<jr
(
i+ 1
k1 + · · · + kr
)
× k1 + · · · + kr!
k1! · · ·kr!
αiβ
k1
j1 · · ·β
kr
jr t
i+k1j1+···+krjr
)
 (2)
Recall that if a =∑ alpl, b =∑ blpl are the p-adic expansions of a b ∈
 then (
a
b
)
≡ 0 mod p ⇔ bl ≤ al holds for all l ≥ 0
Apply this to the situation in (2). If i + 1 = ∑l ilpl and kj = ∑l kjlpl are
the p-adic expansions then(
i+ 1
k1 + · · · + kr
) k1 + · · · + kr!
k1! · · ·kr!
≡ 0 mod p
⇔∑
j
kjl ≤ il holds for all l ≥ 0 (3)
One immediate consequence of (3) is the following.
Observation 1. If i+ 1 is divisible by pl and(
i+ 1
k1 + · · · + kr
) k1 + · · · + kr!
k1! · · ·kr!
≡ 0 mod p
then each kj is divisible by pl. Hence i+k1j1 + · · · +krjr ≡ −1 modpl
for any integers j1     jr.
Formula (2) also provides a purely combinatorial alternative (but perhaps
less elegant) way to prove the theorem of Barnea and Klopsch [BK] on
index subgroups. Let  ⊆  and let J	
 = g ∈ J  Sg ⊆ . A subgroup
H ≤ J is called an index subgroup if there is a  ⊆  such that H = J	
.
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Theorem 2 (Barnea–Klopsch). Let  ⊆ . The set J	
 is a (closed)
subgroup of J if and only if for all i j ∈  and k ∈  such that (i+1
k
) ≡
0 modp one has i+ kj ∈ .
Proof. The necessity of the condition follows clearly from the ﬁrst
product-formula (1) applied for ei	1
ej	1
.
For the sufﬁciency, suppose that  satisﬁes the condition of the theorem.
Given h g ∈ J	
 ﬁx an element n ∈ Sgh. Using (2), it follows that
either n ∈ Sg ∪ Sh ⊆  or there exists r ≥ 1 k1     kr ∈  and
i j1     jr ∈  such that n = i+ k1j1 + · · · + krjr and(
i+ 1
k1 + · · · + kr
) k1 + · · · + kr!
k1! · · ·kr!
≡ 0 modp
The equivalence (3) shows that each kj =
∑
l kjlp
l can be replaced by the
following collection: 1     1 p     pp2     p2   . (Here pl occurs
kjl times.) So, without losing generality, assume that each kj is a power of
p and that k1 ≤ · · · ≤ kr .
I prove, by induction on r, that n ∈ . The r = 1 case being the assump-
tion on , suppose r > 1.
Suppose that jr ≡ p− 1 modp and kr = kr−1. Again, by the assump-
tion on , jr + jr−1 ∈  and by (3), we get(
i+ 1
k1 + · · · + kr−1
) k1 + · · · + kr−1!
k1! · · ·kr−1!
≡ 0 modp
Hence, by induction, n = i+ k1j1 + · · · + kr−2jr−2 + kr−1jr−1 + jr ∈
, as required.
If jr ≡ p− 1 modp or kr ≥ pkr−1 then, by (3), we get(
i+ krjr + 1
k1 + · · · + kr−1
) k1 + · · · + kr−1!
k1! · · ·kr−1!
≡ 0 modp
Hence, by induction, n = i + krjr + k1j1 + · · · + kr−1jr−1 ∈ , as
required.
From now on let p = 2, F = 2d , and J = JF.
Let the odd depth of g ∈ J be D1g = infi ∈ Sg  i ≡ 1 mod 2 ∈
 ∪ ∞ and analogously let the even depth of g be D2g = infi ∈ Sg 
i ≡ 0 mod 2. Their inﬁmum is the (ordinary) depth Dg of g. Finally,
let the mixed depth of g be D3g = infi ∈ Sg  i ≡ 2 mod 4.
The convenience of these invariants is connected to the fact that for
i ∈ 1 2 3 the set
Gi = g ∈ J  Dig = ∞
forms a (closed) subgroup of J. This follows immediately from the theorem
of Barnea and Klopsch.
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For n ∈  let Jn = g ∈ J  Dg ≥ n. These are normal subgroups of
ﬁnite index in J. In fact, J naturally acts on the factor-ring
F		t

/tn+1F		t


and Jn is the kernel of this action. The chain Jnn∈ has trivial intersection.
Putting this chain as a basis of the neighbourhoods of the identity deﬁnes
the proﬁnite topology on J. For a subset  ⊆ J the generated subgroup
h  h ∈  denotes the topological closure of the generated abstract group.
Similar to the notation for en	α
, it is convenient to indicate in square
brackets the “leading coefﬁcient” of an element. Namely, to indicate that
an element x ∈ J of depth n has leading coefﬁcient α = Enx, we write
x	α
 for x.
The following obvious fact is used repeatedly in the proofs. Let m ∈
. For n ≥ m and i ∈ 1     d let gn	αn i
 ∈ J be elements, such that
Dgn	αn i
 = nEngn	αn i
 = αn i, and F is spanned by αn 1     αn d
over 2. Then Jm is generated by gn	αn i
  n ≥ m 1 ≤ i ≤ d.
It is indispensable to have a good description of the commutator of two
elements. Again, let g h ∈ J with Dg = mDh = n; their action on t
is given by tg = t1+∑i≥m αiti, th = t1+∑j≥n βjtj. It follows from (2)
that
tgh = t
(
1+∑
j≥n
βjt
j +∑
i≥m
αit
i + ∑
i≥m j≥n
αiβji+ 1ti+j
+ ∑
i≥m j≥n
αiβ
2
j
ii+ 1
2
ti+2j
)
+Otm+3n+1 (4)
A consequence of this is
t	gh
= t
(
1+ ∑
k+l=f
αkβlft
f+ ∑
k+2l=f
αkβ
2
l
kk+1
2
tf+ ∑
2k+l=f
α2kβl
ll+1
2
tf
+ ∑
k+l1+l2=f
αkβl1βl2l1+1k+l2tf
+ ∑
k1+k2+l=f
αk1αk2βlk1+1k2+ltf
)
+Otn+m+2minnm+1 (5)
And if g = h then (4) gives
tg2 = t
(
1+ ∑
i j≥m
αiαji+ 1ti+j +
∑
i j≥m
αiα
2
j
ii+ 1
2
ti+2j
)
+Ot4m+1
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The three formulae above contain all terms in which the exponent of
t consists of fewer than four summands from Sg ∪ Sh; the equalities
follow immediately from this fact.
Observation 3. For g h ∈ J the elements of Sgh are of the form i+∑k
l=1 jl (with i ∈ Sg ∪ 0 jl ∈ Sh) and there are at least two summands
unless k = 0 or i = 0 (these degenerate terms were singled out in (1) and
(2)).
For g ∈ J one has g−1 = gg2g4g8 · · ·, which shows that the elements of
Sg−1 are sums of elements of Sg.
As 	g h
 = hg−1gh, it follows that each element of S	g h
 is a sum
of elements of Sg and Sh with at least one summand from both. (The
degenerate terms cancel each other.)
The next lemma summarises the basic facts which will be repeatedly used
in the rest of the paper.
Lemma 4. Let g h ∈ J with Dg = mDh = n. Suppose that their
action on t is given by tg = t1+∑i≥m αiti th = t1+∑j≥n βjtj.
(a) If m ≡ n mod 2 then D	g h
 = m + n and En+m	g h
 =
αmβn. On the other hand, if m ≡ n mod 2 then D	g h
 > m+ n.
(b) D2	g h
 ≥ minD2g + 2nD2h + 2m.
(c) If n ≡ 2 mod 4 and n = m ≤ n + 3 then D2	g h
 = 2m + n
and E2m+n	g h
 = α2mβn.
(d) For k l ∈  and αβ ∈ F one has D2	e2k+1	α
 e4l	β

 ≥ 4l +
8k+ 4.
(e) For k l ∈  and αβ ∈ F one has D3	e2k+1	α
 e4l+2	β

 ≥
min8l + 4k+ 6 4l + 8k+ 6.
(f) Let i ∈ 1 2 3. If Dig < Dih then Digh = Dig. On the
other hand, if Dig = Dih and αDig + βDig = 0 then Digh > Dig.
Proof. The claims (a) and (c) are straightforward applications of (5).
Formula (1) and Observation 1 show that if j < D2g + 2n is even then
Ejgh = Ejg + Ejh +
∑
0<a<j/2 E2agEj−2ah. And (a) above shows
that D	g h
 ≥ Dg + Dh. Let now j < minD2g + 2nD2h +
2mD2	g h
 + 1 be even. Now, if 0 < a < j/2 then, by j < D2	g h
 +
1, we have Ej−2a	g h
 = 0. It follows that
Ejgh = Ejhg	g h
 = Ejhg + Ej	g h

= Ejg + Ejh +
j/2∑
a=1
E2agEj−2ah + Ej	g h

= Ejgh + Ej	g h

Hence Ej	g h
 = 0, which yields (b).
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For (d), an element of S	e2k+1	α
 e4l	β

 can be even only if it is divis-
ible by 4 because e2k+1	α
 e4l	β
 ∈ G3. Hence, by Observation 3, the expo-
nent is of the form 4a2k+ 1 + b4l with positive integral a b. This is at
least 8k+ 4+ 4l as claimed.
Similarly, one has that D3	e2k+1	α
 e4l+2	β

 is either of the form
4a2k+ 1 + 2b− 14l+ 2 or of the form 4a− 22k+ 1 + 2b4l+ 2
with positive integral a b. The two minimal choices give the claimed bound
in (e).
Finally, (f) follows trivially from the product formula (1), if one of g and
h is in Gi. In general, it is immediate that g can be written in the form
g = x1x2, where x1 ∈ Gi and Dix2 = Dx2. But (1) shows that Dix2 =
Dix1x2 = Dig. Furthermore, EDigg = EDigx2. Now, if h = y1y2 is
a similar decomposition then gh = x1x2y1y2 = x1y1x2	x2 y1
y2. From
the ﬁrst remark it follows that Digh = Dix2	x2 y1
y2. Also, by (a), we
have D	x2 y1
 > Dx2; hence both assertions of (f) hold.
THE RESULTS
Each theorem and each proof is given for F = 2d , an arbitrary ﬁnite ﬁeld
of characteristic two. However, to avoid the merely technical difﬁculties
caused by d > 1, for the ﬁrst reading it may be advisable to consider F = 2.
A reference consisting of a single letter (a)–(f) always refers to the
respective statement of Lemma 4.
Leedham-Green and McKay [LM] have recently calculated the lower
central series for J2 explicitly (see [C, Theorem 14]). The following is a
much less precise description of the derived series.
Proposition 5. The nth term of the derived chain of J = JF has index
less than 24dK
n
, where K = 1+
√
17
2 < 3.
Proof. Recall the standard notation 	x
 for the lower integral part of
a real number x. I claim that Jn ⊇ J	4Kn
 which proves the theorem. To
establish this it is enough to prove that for any k ≥ 	4Kn
 and any λ ∈ F
one has ek	λ
 ∈ Jn.
Let a0 = 1 a1 = 5 b0 = 4 b1 = 8 c0 = 2 c1 = 10, and recursively for
m ≥ 1,
am+1 = am + bm bm+1 = 2am + cm cm+1 = 2bm + cm
(Note that the ﬁrst and third equations also hold for m = 0.) Simple induc-
tion shows that for m ≥ 1, bm+1 = 4am cm = 2am, and am+2 = am+1 + 4am.
Also it follows that
am+1 < bm+1 < 4am + bm bm+1 < cm+1 ≤ 4am +max6 cm
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Finally, for m ≥ 1 the recurrence gives
am =
(
1+ 4√
17
)(
1+√17
2
)m
+
(
1− 4√
17
)(
1−√17
2
)m
< 2
(
1+√17
2
)m
= 2Km
As am bm cm < 4Km it is sufﬁcient to prove the following claim.
Claim. Let k ∈  and λ ∈ F . Then ek	λ
 ∈ Jn, if one of the following
cases holds
(A) k ≥ an and k ≡ 1 mod 2;
(B) k ≥ bn and k ≡ 0 mod 4;
(C) k ≥ cn and k ≡ 2 mod 4.
The claim certainly holds for n = 0. Now suppose that n ≥ 1 and that
the claim holds for n− 1.
Step 1. Let z ≥ an be an odd integer. As an = an−1 + bn−1 one ﬁnds
x y ∈  such that z = x+ y and (i) x ∈ an−1 an−1 + 2, so x ≡ 1 mod 2
and (ii) y ≡ 0 mod 4 and y ≥ bn−1. It follows from (i), (ii), and the
inductive hypotheses that ex	λ
 ey	1
 ∈ Jn−1, and hence that fz	λ
 =
	ex	λ
 ey	1

 ∈ Jn ∩G3 Moreover, from (a) and (d) one obtains
Dfz	λ
=x+y=z D2fz	λ
≥4x+y≥3an−1+z Ezfz	λ
=λ
Step 2. Let z ≥ cn, z ≡ 2 mod 4. As cn = 2bn−1 + cn−1 one ﬁnds x y ∈
 such that z = 2x+ y and (i) x = bn−1 ≡ 0 mod 4 and (ii) y ≡ 2 mod 4
and y ≥ cn−1. Again, by (i), (ii), and the inductive hypotheses, we have
ex	1
 ey	λ
 ∈ Jn−1; hence gz	λ
 = 	ex	1
 ey	λ

 ∈ Jn ∩G1 Moreover, as
x ≤ y + 3 it follows from (c) that
Dgz	λ
 = D2gz	λ
 = 2x+ y = z Ezgz	λ
 = λ
Step 3. Let z ≥ bn, z ≡ 0 mod 4. As bn = 2an−1 +max6 cn−1 one
ﬁnds x y ∈  such that z = 2x + y and (i) x ∈ an−1 an−1 + 2, so
x ≡ 1 mod 2 and (ii) y ≡ 2 mod 4 and y ≥ max6 cn−1. Now, by
(i), (ii), and the inductive hypotheses, we get ex	1
 ey	λ
 ∈ Jn−1; hence
u = 	ex	1
 ey	λ

 ∈ Jn Moreover, from (a), (c), and (e) one gets that
Du = x+ y ≥ maxan z − 2an−1
D2u = 2x+ y = z
D3u ≥ max4x+ y 2x+ 2y ≥ 4an−1 +max6 cn−1 ≥ cn
Also, by (c), we have Ezu = λ.
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Recall from Step 1 that D2fw	µ
 ≥ 3an−1 + w, for w ≥ an. Hence, by
(f), one obtains
hz	λ
 ∈
(
ufw	µ
  w ≡ 1 mod 2 w ≥ an µ ∈ F
) ∩G1 ⊆ Jn ∩G1
such that
Dhz	λ
 = D2hz	λ
 = z D3hz	λ
 ≥ cn
Step 4. Suppose now that k ≥ bn, k ≡ 0 mod 4, λ ∈ F . Recall the
deﬁnition of hz	µ
 gw	ν
 ∈ G1. It follows from (f) that
ek	λ
 ∈ hz	µ
 gw	ν
  z ≡ 0 mod 4 z ≥ k
w ≡ 2 mod 4 w ≥ cn µ ν ∈ F ⊆ Jn
This proves part (B).
Now suppose that k ≥ cn, k ≡ 2 mod 4, λ ∈ F . Recall that bn < cn.
Again, it follows from (f) that
ek	λ
 ∈ ez	µ
 gw	ν
  z ≡ 0 mod 4 z ≥ bn
w ≡ 2 mod 4 w ≥ kµ ν ∈ F ⊆ Jn
This proves part (C).
Finally, suppose that k ≥ an, k ≡ 1 mod 2, λ ∈ F . Recall the deﬁnition
of fz	µ
 and that an < bn. Again, it follows from (f) that
ek	λ
 ∈ fz	µ
 ew	ν
  z ≡ 1 mod 2 z ≥ k
w ≡ 0 mod 4 w ≥ bn µ ν ∈ F ⊆ Jn
This proves part (A) and hence the claim and the proposition.
Remark 6. The order of magnitude in the above theorem is precise in
the sense that log1/n2 J  Jn → K = 1+
√
17
2 < 3 as n tends to inﬁnity.
In fact, deﬁne Xn = minD1g  g ∈ Jn Yn = minD2g  g ∈
Jn Zn = minD3g  g ∈ Jn. Also, put x1 = X1 = 3 y1 = Y1 =
4 z1 = Z1 = 6 and for n ≥ 1 deﬁne xn+1 = xn+ yn yn+1 = 2xn+ zn zn+1 =
2yn + zn. Using Eq. (5) and Observation 3 one can show inductively that
for n ≥ 1 the following inequalities hold: Xn ≥ xn Yn ≥ ynZn ≥ zn. Solv-
ing the recurrence gives Kn < xn < yn < zn; hence J  Jn > 2dKn−1 for
n ≥ 1.
The special case n = 1 d = 1 at the beginning of the induction is also a
consequence of [C, Theorem 14].
Recall that a topological group G is just-inﬁnite if all its nontrivial closed
normal subgroups are of ﬁnite index. It is called hereditarily just-inﬁnite if
all its open subgroups are just-inﬁnite.
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Theorem 7. The Nottingham group J = JF is hereditarily just-inﬁnite.
Proof. Let H be an open subgroup of J, and let h = h	λ
 ∈ H \ 1. I
show that hH is open. This proves the theorem.
First, H ≥ Jn for sufﬁciently large even n ≥ Dh because H is open. If
Dh is odd then put h1	1
 = 	h en	λ−1

. If Dh is even, put h1	1
 =
	h en+1	λ−1

. Then, by (a), we have that h1	1
 is an element of hH ∩ Jn
and that Dh1	1
 is odd. Let h2	1
 = 	h1	1
 e6Dh1	1
	1

. Using (a) and
(c) it follows that A = Dh2	1
 = 7Dh1	1
 B = D2h2	1
 = 8Dh1	1
,
and 2B < 3A. Also, EBh2	1
 = EAh2	1
 = 1.
I ﬁnish the proof by constructing elements of hH of every depth u ≥
2B + 16A+ 2, ﬁrst for u ≡ 2 mod 4, then for u ≡ 0 mod 4, and ﬁnally
for u ≡ 1 mod 2.
Let k ∈  and α ∈ F be arbitrary. Deﬁne u = 2B + 16A + 4k + 2;
hence u ≡ 2 mod 4. Also deﬁne C = 8A + 4k + 2D = 4A. Put
h3	α
 = 	h2	1
 eC	α

 and h4	α
 = 	h3	α
 eD	1

. As 2B < 3A, (5)
yields D3h3	α
 = 2B + C. Easy applications of (a) and (c) show that
Dh3	α
 = A + C, D2h3	α
 = 2A + C and consequently Dh4	α
 =
A+ C +D = 13A+ 4k+ 2 ≥ 13A, and D2h4	α
 = 2B + C + 2D = u <
Dh4	α
 + 6A, and that indeed EA+C+Dh4	α
 = α and Euh4	α
 = α.
For v ≥ 13A, v ≡ 1 mod 2 and µ ∈ F arbitrary, put
fv	µ
 = 		h2	1
 e6A−2	1

 ev−7A+2	µ


Recalling (a) and (b) one observes that Dfv	µ
 = v, and D2fv	µ
 ≥
v + 7A− 2 > v + 6A. Also, Evfv	µ
 = µ. Hence, by (f), one obtains
gu	α
 ∈ h4	α
fw	µ
  w ≡ 1 mod 2 w ≥ 13Aµ ∈ F ⊆ hH
such that
Dgu	α
 = u and Eugu	α
 = α
Let k ∈ . For u = 2B+ 16A+ 4k+ 4 ≡ 0 mod 4 and α ∈ F the same
argument can be applied with C = 8A+ 4k+ 2 and D = 4A+ 1. The only
(and insigniﬁcant) difference in the computation is that Dh4	α
 > A +
C +D. So one obtains an element gu	α
 ∈ hH such that Dgu	α
 = u
and Eugu	α
 = α.
Finally, for u ≥ 2B + 16A + 2, u ≡ 1 mod 2 and α ∈ F the element
fu	α
 has depth u and Eufu	α
 = α. Hence hH ≥ J2B+16A+2 is open.
Remark 8. The previous two results imply that the Nottingham group
is not analytic over any pro-2 ring. For the proof the reader is referred to
[Sh, Theorem 53].
The odd (stronger) counterparts of the following two results were proven
in [LSh]. The following theorem can be used to give a bound on the sub-
group growth of J. See Remark 10 below.
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Theorem 9. Let H be an open subgroup of index 2k in J = JF. Then
H ⊇ J6k+3.
Proof. The idea of the proof, as in [LSh], is to exploit the combinato-
rial properties of the set Dh  h ∈ H. However, if F  > 2 then some
modiﬁcation is necessary.
As H is open, it contains a congruence subgroup JM ; hence
2dM−1 = J  JM  = 2kH  H ∩ J2H ∩ J2  H ∩ J3 · · · H ∩ JM−1  JM 
Each factor of the product is either 2d or at most 2d−1. It follows that
for i ∈ 1    M − 1 one has H ∩ Ji  H ∩ Ji+1 = 2d with at most k
exceptions. That is, the set
 = i ≥ 1  2d > H ∩ Ji  H ∩ Ji+1
contains at most k integers. The rest of the proof is to show that it implies
max  ≤ 6k+ 2.
Step 1 Let l ≥ k. I show that 2l + 1 ∈  . Suppose there exist s r ∈
 \ such that 2l+ 1 = s+ r. Then for any given λ ∈ F there are elements
h	λ
 g	1
 ∈ H such that
Dh	λ
 = s Esh	λ
 = λ Dg	1
 = r Erg	1
 = 1
Hence, by (a), for f = 	h	λ
 g	1

 ∈ H one has Df  = s + r = 2l +
1 E2l+1f  = λ. As λ was arbitrary, it follows that 2l + 1 ∈  .
There are l different pairs s r such that s + r = 2l + 1; hence either
there is one pair disjoint from  and the argument of the previous para-
graph can be applied, or k = l and from each pair there is one element in
 . In the latter case max  ≤ 2k and the proof is complete.
Step 2. Let l ∈  such that 2l ≥ 6k+ 4. Now I show that 2l ∈  . This
will ﬁnish the proof.
Suppose there exists no r ∈ , r ≤ 2k + 1 such that the following two
conditions hold, with s = 2l − 2r:
(i) s r ∈  \  ;
(ii) s > r r ≡ l mod 2, so s ≡ 2 mod 4.
Then k ≥ z ∈   z ≤ 2k + 1 or 2l − 4k − 2 ≤ z < 2l ≥ k Hence
z ∈   z < 2l = k and 2l ∈  , as required.
So suppose such an r exists and let it be the minimal possible. Set s =
2l− 2r. Now, by (i), for any given λ ∈ F there are elements h	λ
 g	1
 ∈ H
such that
Dh	λ
 = s Esh	λ
 = λ Dg	1
 = r Erg	1
 = 1
And from (a), (c), and (ii) it follows that for f = 	h	λ
 g	1

 one has
D1f  ≥ s + r = 2l − r D2f  = s + 2r = 2l E2lf  = λ
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Claim. For any u ∈  such that 2l − 1 ≥ u ≥ 2l − r, u ≡ 1 mod 2,
for any µ ∈ F there is an element au	µ
 ∈ H such that Dau	µ
 =
uEuau	µ
 = µ, and D2au	µ
 > 2l.
If the claim is true, then, by (f), one has an element
b	λ
 ∈ f au	µ
  2l − 1 ≥ u ≥ 2l − r µ ∈ F ⊆ H
such that Db	λ
 = 2l E2lb	λ
 = λ. It follows that 2l ∈  . Hence, to
ﬁnish the proof, it is enough to show that either the claim holds or 2l ∈  .
Suppose there are x y ∈  \  such that u = x + y and x y > r. Then
for the given µ ∈ F there are elements v	µ
 w	1
 ∈ H such that
Dv	µ
 = x Exh	µ
 = µ Dw	1
 = y Eyw	1
 = 1
Hence, by (a), (b), and recalling x y > r, the element au	µ
 = 	v	µ

w	1

 ∈ H has the sought properties. (Note that D2au	µ
 ≥ miny +
2x x+ 2y > u+ r ≥ 2l.)
There are u− 1/2 different pairs x y such that u = x+ y, and there
are r such that also minx y ≤ r.
If the claim does not hold, then there exists no pair x y such that
minx y > r and x y ∩  = . Consequently, for  = z ∈   r <
z < u − r one has  ≥ u − 1/2 − r. Also, by the minimality of r, for
 = z ∈   z ≡ l mod 2 z < r and  = z ∈   z ≡ 2 mod 4 2l −
2r < z < 2l one has  ∪  ≥ 	r − 1/2
. Furthermore,  ∩ =  and
 ∩  ≤ u− r − 2l − 2r
4
= u+ r − 2l
4

Putting these together
k ≥ z ∈   z < 2l
≥  ∪ ∪ 
≥ u− 1− 2r
2
+ r − 2
2
− u+ r − 2l
4
= u+ 2l − 3r − 6
4
≥ 2l − 2r − 3
2

The right hand side is minimal for r = 2k+ 1, which gives
k ≥ z ∈   z < 2l ≥ 2l − 4k− 5
2
> k− 1
This shows that k = z ∈   z < 2l and 2l ∈  , indeed.
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Remark 10. For a group G let akG = H ≤ G  G  H = k. The
above result states that akJ = akJ/J6k+3. Hence, using standard argu-
ments (see [LSh]), one obtains
akJ ≤ c02k6dk+2d−k
with an absolute constant c0.
The odd characteristic version can be similarly extended to the Notting-
ham group over any ﬁnite ﬁeld. See [LSh] for the original proof.
Theorem 11. The lower rank of the Nottingham group J = JF is at
most 3; that is, J has a basis of the neighbourhoods of the identity consisting
of 3-generated subgroups.
Proof. I prove that each open subgroup H of J contains another one
generated by three elements.
First, H is open; hence there is some m ∈  such that H ≥ Jm. Let
n ≥ m, n ≡ 0 mod 4, and let α ∈ F be such that F = 2α.
Deﬁne an	α
 = en	α
, an+1	α
 = en+1	α
, and an+2	α
 = en+2	α
. Let
L = an	α
 an+1	α
 an+2	α
. Since obviously H ≥ L, it remains to prove
that L is open.
Put a21	α2
 = 	an	α
 an+1	α
an+2	α

, and for k ≥ 3 deﬁne recursively
ak 2i+1	αk
 = 	an	α
 ak−1 2i+1	αk−1

 if i < k− 2
ak 2i+1	αk
 = 	an+1	α
an+2	α
 ak−1 2i−1	αk−1

 if i = k− 2
So ak 2i+1	αk
 is deﬁned whenever k ≥ 2 i ∈ 0     k− 2.
From (a), (c), and Eq. (5) it follows that
Dak 2i+1	αk
 = kn+ 2i+ 1
Ekn+2i−1ak 2i+1	αk
 = αk
D2ak 2i+1	αk
 = 2k− 1n+ 4i+ 2 = 2Dak 2i+1	αk
 − n
E2k−1n+4i+2ak 2i+1	αk
 = α2k−1
Now, there exists M0 ∈  such that for any M ≥ M0, M ≡ 1 mod 2
we have k i ∈  with k ≥ 2, d − 1n ≤ 2i ≤ 2k − 4 and M = kn + 2i +
1. Let f ∈ 0     d − 1. Then M = k + f n + 2i − fn2  + 1, and all
ak+f 2i−fn/2+1	αk+f 
 are deﬁned and have depth M . For λ ∈ F arbitrary
there are x1     xd ∈ 0 1 such that λ = x1αk+ x2αk+1+ · · · + xdαk+d−1.
Thus the element
x = (ak 2i+1	αk
)x1 · · · (ak+d−1 2i−d−1n/2+1	αk+d−1
)xd ∈ L
satisﬁes Dx =MEMx = λ.
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Similarly, put b3 2	α3
 = 	an	α
 an+2	α

 and for k ≥ 2 deﬁne
recursively
b2k+1 4i+2	α2k+1
 = 	an	α
 b2k−1 4i+2	α2k−1

 if i < k− 1
b2k+1 4i+2	α2k+1
 = 	an+2	α
 b2k−1 4i−2	α2k−1

 if i = k− 1
So b2k+1 4i+2	α2k+1
 is deﬁned whenever k ≥ 1 i ∈ 0     k− 1.
Now (c) shows that
Db2k+1 4i+2	α2k+1
 = 2k+ 1n+ 4i+ 2
E2k+1n+4i+2b2k+1 4i+2	α2k+1
 = α2k+1
The same argument as above shows the existence of M1 ∈  such that
if M ≥ M1M ≡ 2 mod 4 and λ ∈ F is arbitrary, then there exists an
element x ∈ L such that Dx =MEMx = λ.
Let now l > k. Then for y = 	ak 2i+1	αk
 b2l+1 4j+2	α2l+1

 one has,
by (a) and (c), that
Dy = 2l + k+ 1n+ 4j + 2i+ 3
D2y = 2l + 2k+ 1n+ 4j + 4i+ 4
< 22l + k+ 1n+ 4j + 2i+ 3 − n
E2l+2k+1n+4j+4i+4y = α2l+2k+1
Provided that 2l + k + 1n + 4j + 2i + 3 ≥ M0 it follows from (f) that
there exists
z ∈ yau 2v+1	µu
  u ≥ 2 0 ≤ v ≥ u− 2 µ ∈ F ⊆ L
such that Dz = 2l + 2k + 1n + 4j + 4i + 4 E2l+2k+1n+4j+4i+4z =
α2l+2k+1.
The same argument as above implies the existence of M2 ∈  such that
if M ≥ M2M ≡ 0 mod 4, and λ ∈ F is arbitrary, then there exists an
element x ∈ L such that Dx =MEMx = λ.
Put N = maxM0M1M2. Then L ≥ JN is an open subgroup as
claimed.
Remark 12. Similarly (using a coefﬁcient α which generates pd over
p), one can extend the original proof of [LSh] to show that Jpd has
lower rank 2 if p is odd.
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